Laudatio zur Ehrenpromotion von

Prof. Dr. Albert Shiryaev

Prof. Dr. Ernst Eberlein

University of Freiburg

Institute for Mathematical Stochastics

e-mail: eberlein@stochastik.uni-freiburg.de

02. November 2001



Dear colleagues,
dear students,

dear Albert Nikolaevich,

the first occasion where I listened to a talk given by Albert Shiryaev
was in an impressive environment, namely in the Finlandia Hall in
Helsinki. He was a plenary speaker at the International Congress of
Mathematicians in 1978 which was organized in such a wonderful way
by our Finnish colleagues. Contrary to the music events which are
usually held in this concert hall, for this event the price of the seats
was independent of the Euclidean distance to those acting on stage.
So I took my chance. I was sitting in the first row listing to the concert
of Mathematics given there. At that time I would not have dared to
predict that in the 23 years to come there would be many occasions to
listen to talks given by this speaker and that my future colleagues in
Freiburg and I would have the privilege to discuss mathematics with
him during many hours. The theme he was interpreting on stage was
Absolute continuity and singularity of probability measures in functio-

nal spaces.

There is a classical result due to Kakutani (1948).



Absolute continuity/Singularity Alternative

Kakutani 1948

() n>1, (Fin)n sequences of measures such  that

>1
fn < fty (n>1)

~

Define P =1 X o X ..., P=p1 X 19 X ...
— P<P or PLP

Series of papers with Yuri Kabanov, Robert Liptser (1977,
1978)

General approach to ACS

P and P be two probability measures on a filtered space

(Qa F, (ﬂ)tZO)

Define P, = P/F;, P, = P/F; and P < P, if
P, < P, (t > 0) (local absolute continuity)

Theorem Assume P <l P, then

P<P < P(Bx(M)< o0

1
P1lP < P(By(M)=00)=1

Many variations of this in discrete and continuous time

—— Predictable criteria



Now called Hellinger process

Explanation of this terminology:

can be interpreted as Hellinger distance between local charac-

teristics

One can distinguish several periods in the scientific, pedagogi-
cal and publishing activity of Albert Shiryaev. I have tried to
draw a map of the topics where he made significant contribu-
tions. They look rather disjoint but actually are inseparably

interlaced if one looks closer at his results.

The notion of predictability is such a link.



Signal Detection
Optimal Stopping

Spectral theory of
stationary processes

Nonlinear Filtering
Sequential Analysis

Absolute continuity
Singularity

Functional limit
theorems

Semimartingale
theory

Mathematical Finance



Signal detection and optimal stopping

Observe a process (X;) given by
dXt = Tetdt + O‘th

where 0; = 150 0 ~ exp(A)

We want to detect the time where a signal appears
Suppose 7 is the ‘time of alarm’

Natural formulation of the mathematical problem
R* =inf { Pt < 0] + cE[max(0, 7 — 0)]}
Find optimal stopping time

Shiryaev showed that it is sufficient to consider the ‘sufficient

statistic’
m=Pl0<t|F|=E[6:]|F]

He derived the stochastic differential equation
dry = M1 —m)dt + —m(l — m)dW,

o

t

— 1 r . . :
where W, = —X; — — [ mds is the innovation process
o o

0

— first nonlinear filter for estimation problem



Limit theorems for semimartingales
Xe=Vi+ M, (M) € Mige, (Vi) € Vioc

Canonical representation of X = (X})

t

X, = Bi+ Mf + / [ wto-vids.an+ [ [ sutds.do

0 |z|<1 0 |z|>1

triplet of local characteristics (predictable)
(B, (M*),v)
Consider sequence of semimartingales (X")

Question: Convergence of (X"),>1 7

X" may be considered as a D(IR)-value random variable

D(IR) with Skorohod topology

X" 2 M
[nt]
Classical case: X' = Z & partial sum process

k=0

X 2w (W;) Brownian motion



Theorem (Liptser, Shiryaev (1980))

Let (X}") be semimartingales with triplets (B", (X"¢), v") and
let (M) be a continuous Gaussian martingale. Suppose for all

t>0and e >0

t

// V" (ds, dx) 0
|x|>e

0

B”C+Z /CEV ({s}, dx)

0<s<t
|z|<e

Q) (X", + / / 2 (ds, d)

0 |z|<e

—Z(/

<
O<s<t ||§6

(B)  sup

O<s<t

2" ({s}, d@) LMy,

D
Then X" — M
Quantitative versions: rates of convergence

Important aspect: Synthesis of two areas which had been dis-

joint before

(1) Functional limit theorems (asymptotics of distributions)

based on topological-analytical concepts

(2) Semimartingale theory (stochastic analysis)

based on probabilistic concepts

common object: space of trajectories

Skorohodspace D <— cadlag paths



Starting point for much more general theory

Given a sequence of semimartingales (X}") with triplets of local

characteristics (B", C", ")

Idea: B"— B
" — C
v — v

— X" 25 X with characteristics (B,C,v)

identification of the limit (X})

Theme of the book with Jean Jacod
Limit Theorems for Stochastic Processes (Springer 1987)

many original results

Convergence of stochastic intergrals
( / H"dX ") H" predictable processes
t
n n D
/ H"dX" — / HdX

Application in mathematical finance



The Russian Option: Reduced Regret
L. Shepp, A.N. Shiryaev (1993)

Mathematical Model

stock price: diffusion process
dS; = Si(pdt + odWy) So >0

bank account (money): deterministic process
dB; = rBdt By >0

payoff of the option
fi = e~ max (r{}gf Su, Sowo)

where A > 0, 1y > 1
American type option: f(,)(w)

Question: Fair price of the option?

Optimal stopping time?

Fair price: C5(f)= By sup E'" I
0<r<T _BT_

or C*(f)=DBy sup E'" Ir

0<7<00 _BT_




Solution

max{mgic Sy Sotho }

St

with the following infinitesimal generator

Consider process 1 =

o o° , 0
L——T¢%+? a—wQ

— Stefan problem

LV (1) = AV ()

with boundary condition V/(1+) = 0

a3 e ()]

C*(f) = S0+ % for 1 < oy < 0
%o for 1y > ¢
_ _ 1 |V (@a—a1)
where ¢ = T2 1~
Ir1 ITo — 1

and x1, Ty are roots of a quadratic equation

optimal stopping time: 7 = inf {t >0y > ibv}

10



